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ABSTRACT 

Two  types of vacillation are distinguished in a rotating differentially heated  annulus of fluid: (1) Tilted-trough 
vacillation, which has  been discussed in a number of previous  papers in  the  literature, is characterized by periodic 
changes in  the  wave shapes, in which the waves first  tilt “north-west’’ to “south-east”, and  later  “north-east”  to  south- 
west”, relative  to  the  rotating annulus. (2) Amplitude  vacillation,  which  was first observed by  the  authors  in a 
series of student  demonstrations  conducted at the  Lamont Geological Observatory, is Characterized by periodic 
expansions and  contractions of the wave  pattern  with  no noticeable  change in  the  tilt of the disturbances. It is 
suggested that  the  details of the energy  conversions are different in  the  two cases. Some speculations are also  presented 
concerning the role of viscosity in limiting the number of degrees of freedom  available for vacillation. 

1. BACKGROUND 

For  certain  ranges of the  thermal  Rossby  number 
(Ro,) and  an  appropriately defined Taylor  number (Tu),  
quasi-geostrophic wave  motions (*an be produced in IL 
rotating  annulus of fluid by imposing an axially  symmetri- 
cal gradient of heating in the  radial direc,tion. In the 
usual  experimental  arrangement,  t,he fluid is  heated 
differentially by conduction  through  outer and  inner 
metal c.ylinders which are in contact  with  hot  and cold 
constant-temperature  baths.  Details of such labora- 
tory experiments and  their meteorological significance 
hare been discussed by  Hide [4, 5, 61, Fultz  et al. [3], 
and  Fowlis  and Hide [2]. Following Fowlis  and Hide 
we shall adopt  the definitions 

Tu= v2H 
4S12(R,-Rn)57 

(2) 

where T ,  and T,  are  the  outer and  inner bath  tempera- 
tures,  respectively, is the acceleration of gravity, H is 
the  depth of the fluid, B is t,he coefficient of volume 
expansion,  is the  angular velocity o f  the  rotating  annu- 
lus, R, and H, are  the  radii of the  outer  and  inner cylin- 
drical walls, and v is the  kinematic viscosity. It is 
significant, that  the  rotational  static  stability  number 

which occurs in theoretical treatments (see, for example, 
Eady [l] ; Kuo [7] ; Pfeffer [lo]) varies in proportion to 

the imposed thermal  Rossby  number in these  experiments. 
Here, is the mean temperature of the fluid, ATlAz 
is the mean  lapse rate and 

Rm=4(R,+Rn). 

Fultz,  Hide, and t.heir collaborttt.ors httve identified four 
different regimes of  convection in R rotating, differentially 
heated  annulus o f  fluid, as shown schematically in figure 1.  
The  steady wave regime is distinguished by the  fact t>htlt 
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FIGURE 1.-Schematic picture  showing the four regimes identified 
by  Fultz e t  al. [3] and by Fowlis and  Hide (21. 1 Lamont Geological Observatory Contribution Nnmber 1016. 
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only  one  wave  number a t  a  time  dominates the flow, the 
higher  wave  numbers  occurring a t  lower values of Ro,. 
These ~vares  are superficially quasi-steady and regular in 
appearance. The unsteady  wave regime is characterized 
by more turbulent, continually  changing flow patterns 
(similar to t.he large-scale motions of the earth’s  atmos- 
phere) in which a spectrum of waves of different  scale 
dominates the flo\v. The axially symmetrical regimes 
are  Hndley  circulations, the lower one being forced and  the 
upper  one free, as discussed by Kuo [7, 81. In  the region 
between the  steady wave regime and  the  unsteady wave 
regime Hide,  Fllltz,  and  their  collaborators  have observed 
tt phenomenon n-hich Hide called “vacillation,” in which 
the waves undergo a periodic change  first  tilting from 
“north-west”  to  “sonth-east”  and  later from “north-east” 
to  ‘(south-west”  relative to the annulus. An example of 
such R vacillnt,ion cycle is shown in figure 2. Practically 
d l  o f  the discussion in the  literature  to  date concerning 
vncillat,ion centers ttround this phenomenon (although 
F d t z  hrls  also noted the existence o f  wave-number vacilla- 
tion at t,he  boundaries between tn-o different “steady” 
wave patterns).  Fultz  et al. [3] showed quantitatively 
that  the radial  eddy flux of angular  momentum,  \rhich is 
proportional to  the covariance UT, changes sign during 
tt tilted  trough vacillation cycle. Here, u and v are  the 
zond (tuimuthrtl)  and meridional (radial) component,s of 
velocity,  respectively. The  bar over a qltantity represents 
t t  zonal average  and the  prime represents the  departure 
at, tt point from this  average.  Fultz’s data can also be used 
t,o show t,hrtt the  rate of conversion of kinetic energy 
between t.he eddies ttnd the mean zonal flow (RE-+&), 
\vhich depends upon the covariance o f  &? and b(G/R)/bR, 
undergoes substantial fluctutttions in magnitude,  and 
apparently also in sign,  during  this cycle. Here, K E  is the 
eddy kinet,ic energy, Kz is the kinetic energy of the mean 
zond flo\v, ttod R is radial  distance from the axis of rota- 
t,ion of  the annulus.  Because of the characteristics of this 
vacillation i t  seems appropriate to call i t  “tilted-trough 
vacillation” or “kinetic energy vacillation,”  although it  is 
recognized t.hat  fluctuations in the  rate o f  transformation 
between two  forms of kinetic energy in a quasi-geostrophic, 
baroclinic fluid must be accompanied  by  fluctuations in 
the  rnte of conversion between potential  and  kinetic 
energy. 

4. AMPLITUDE VACILLATION 

In  the course of conducting  student  demonstrations of 
annulus  convection at  the  Lamont Geological Observa- 
tory, Columbia  University,  during  the  winter of 1962-63 
the  present  writers observed, a t  certain  values of ROT 
and Tu, still  a  different  kind of “vacillation”  in which 
the wave pattern  expands  and  contracts  with no  change 
in the wave  number  and  no  noticeable  change  in the  tilt 
of the disturbances.  Two  examples of this  type of vacil- 
lation  in a 4-wave pattern  are shown in figures 3 and 4. 
In  both cases the phenomenon may  be described as a 

“square-to-lobed wave” vacillation, or an “amplitude” 
vacillation,  although it is recognized that a  constant- 
amplitude  disturbance  superimposed  upon a zonal current 
which fluctuates in intensity could give the same appear- 
ance. Since the  writers could find no  previous  pictures 
or discussion of this  particular  kind of vacillation in the 
published literature,* it was considered desirable to pre- 
pare  the  present  note calling attention to this  phenomenon 
and discussing the  characteristic differences between it 
and  the  tilted-trough vacillation discussed by  Hide, 
Faltz,  and their  collaborators. 

Before proceeding with the discussion, it is appropriate 
to  say a word about  the  apparatus  and  the  accuracy of 
the  data.  The  apparatus consisted of equipment which 
was readily  available  from  around the Observatory or 
could be purchased locally a t  low cost. Thus,  for example, 
a 4-speed record  player was acquired  for  use as a rotating 
turntable. A  small  heating coil connected to a  variac 
voltage  control was suspended in  the  outer  bath  in a 
fixed position such that it heated  and  stirred  the  bath  as 
the  annulus  rotated  by it. In  this  way  the  outer  bath 
was maintained a t  a  uniform  high  temperature. Tap 
water  circulating  through the central bath through  rubber 
tubing served to  maintain  this  bath a t  a  uniform cold 
temperature. Mercury-in-glass thermometers  immersed 
in the  inner  and  outer  baths were monitored  almost 
continuously  throughout  each  experiment. 

It was  found  t.hat  fluctuations of the  hot  and cold bath 
temperatures could be kept within  a  range of 0.5” C. over 
the period of the  experiment.  In  experiments  with suffi- 
ciently  large imposed bath  temperature differences these 
fluctuations  represent  a  small  percentage  error. Ac.cord- 
ing to  equation ( l ) ,  the  temperature difference required 
to  attain a given thermal  Rossby  number  increases as we 
increase the size of the  annular  gap  within which the 
working fluid is contained (other things being held con- 
stant). For the purpose of the present series of experi- 
ments  the  annular  gap was chosen to be 12.4 cm. With 
this size annulns  and  a  rotation  rate of 3.1 sec.”, the tem- 
perature difference needed to produce the conditions shown 
in figures 3 and 4 is of the  order of 40’ to 50’ C. The 
fluctnations of t,he bath temperatures,  therefore,  contrib- 
ute only  a 1 percent  error to the  temperature difference 
(Ts- T,J. Although  the  variation of the fluid properties 
(6 ,  V ,  etc.)  with  temperature  over  such  a  large  range is not 
insignificant, it is difficult to believe that  the phenomenon 
we observed  was  due to these  variations.  Amplitude 
vacillation and  its  characteristic  changes  with 120~ have, 
in fact, been confirmed more recently  by  a  careful series 
of experiments  conducted a t  Florida State University by 
the writers’ colleague, Dr. William Fowlis. One  such ex- 
periment, in which this phenomenon was produced in a 

reported it in his Final Report  under  Contract AF 19(604)-8361 (April 19W, figure 38 B .  
2 Prof. D. Fulte has since informed us that he, too, has  observed this phenomenon  and 

The phenomenon was also observed by Dr. W. Fowlis in connection with his Ph. D .  

vacillation  has been confirmed by Professor R.  Hide (“On the Dynamics of Rotating 
thesis mearch (M.I.T., January 1984). More recently, the] existence of amplitude 

Fluids and Related  Topics in Geophysical Fluid Dynamies,” Bulldin of the American 
Afdcordcvical Socidv, vol. 47, No. 11, Nov. 1966). 
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FIGURE 2.-A sequence of four photographs, furnished by Professor Dave Fultz of the University of Chicago, showing t.he top surface flow 
in a rotating annulus at different stages of tilted-trough vacillation. (The rotation here is counterclockwise.) 

smaller annulus (R,-R,=2.55 cm.) with  a  smaller, 
thermostatically  controlled bath  temperature difference 
(T,-TT,=12.5" C.) was  reported  by Pfeffer, Mardon, 
Sterbenz, and Fowlis 1111. 

Having chosen a  large annular  gap we car] adjust  the 
Taylor  number  (equation (2)) to  the range  in  which  other 
investigators  have  worked  by using a viscous fluid. The 
fluid used for the  Lamont experiments  was Medico1 

mineral oil purchased  from  a local drug  store. A Saybolt 
viscometer  was used to determine  the viscosity of the 
oil at  different temperatures  and  an  analytical balance 
was nsed to  determine  the coefficient of volume  expansion. 
The experimental parameters  and nondimensional  num- 
bers for the  experiments shown in figures 3 and 4 are 
listed as follows: For both experiments, R,=20.0 cm., 
R,=7.6 crn., Q=3.1 sec.", H=6 cm., fi=6X10-4 deg.", 
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~ = 2 X 1 0 ' ~  cm." sec.", Ta=ciX10'. For  the April 24, 
1963 experiment  T,=52.5" C., T,=13.7" C., Ro,=Q.Q95. 
For  the  May  17,1963 experiment T,=65" C., T,= 16' C.; 
Ro,  = 0.12. 

It is  significant that  the  intensity of the vacillation  is 
greater in the  May 17, 1963 experiment,, apparently be- 
cause of the  greater  value of Ro,. This  result  has been 
confirmed by  Dr. Fowlis' more  recent  experiments which 
show tha.t if a steady wttve pattern  has been attained, 
amplitude vacillation will take place with  increasing 
intensity  as Ro, is  increased. The striking  similarity 
between this phenomenon and  certain index breakdowns 
in the eart?h's  atmosphere  is shown by  the comparison 
in figure  5. The main difference between indes fluc- 
tuations i n  the atmosphere  and  amplitude  vacillation in 
Inborntory  experiments  is that  the former  are  sporadic 
whereas  the latter  are more closely cyclic in nature. 
Winston  and  Krueger 1121 have shown that,  the  indes 
breakdown  pictured in figure 5 is  associated with a  rapid 
adiabatic conversion of potential energy into  kinetic 
energy of the atmosphere. The similarity of the  two 
phenomena shown in  figure 5, and  the absence of a notice- 
able  change in the tilt of the  disturbances in the  annulus 
during  amplitude vacillation,  suggest that amplitude 
vacillation  also  involves  large adiabatic conversions 
from  potential  to  kinetic  energy which vary periodically 
in intensity. To contrast  this phenomenon with  tilted- 
trough, kinetic-energy  vacillation, it seems appropriate 
t80 call it "potential  energy vacillation." Since both  types 
of vacillation  no doubt involve some variation in each 
of the  links in the  energy cycle, it is probable that  the 
distinction is more  a matter of degree than of kind. 

The transformation  from  steady waves to intense 
amplitude  vacillation as  the  thermal  Rossby  number is 
increased  probably  results  from differences in  the efficiency 

of each wave scale in converting  potential  to  kinetic 
energy  at^ different values of the imposed temperature 
gradient  and  rotation  rate. As discussed by  Eady  [I] 
and Kuo [9], the efficiency of this  energy conversion 
depends upon the  ratio of the angle in the x-z plane 
through  which  a parcel of fluid mores (6z/6z= W/V)  to the 
slope of a  potcntial  temperature  surface (bz/dz= (dT/bs)/ 
(bT/bx)). This  ratio  depends  upon  the  rotational  static 
stability  number (s) which, in these  experiments, is a 
function of the imposed temperature  gradient  and  rota- 
tion rat,e. 

3. VACILLATION  AND THE  ENERGY CYCLE 

The above  considerations  suggest that it would be useful 
to study vacillation in light of the energy cycle of the 
fluid. For the purpose of discussing the  characteristic 
differences between potential  energy  vacillation  and  kinetic 
energy  vacillation and comparing  these with  steady  state 
condit.ions, the energy cycle pictured  in figure 6 contains 
sufficient detail. A more  elaborate cycle would be  needed 
for discussions of wave  number  vacillation,  minor  wave 
vacillation, and  other phenomena  which  involve transfers 
of energy  among  different  wave  numbers. I n  the figure, 
A, and A, are  the  zonal  and  eddy  components of the 
available  potential  energy, Kz and KE are  the zonal and 
eddy  components of the  kinetic energy, Gz and G E  are  the 
zonal and  eddy  components of the  rate of generation of 
available  potential  energy,  and Fz and FE are the zonal 
and  eddy  components of the  rate of dissipation of kinetic 
energy;  the  quantities (A,-+AE) , (AE+KE) , (KE-+Kz) , 
and (K,+A,) are  rates of conversion from one form of 
energy to  another. If the  wave  pattern were truly  steady, 
the  rates of conversion of energy  from one form  to  another 
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FIG CRE 4.-Photographs obtained by the present authors at the  Lamont Geological Observatory  May 17, 1963, Rhowing a sequence 

of each photo  indicate  thc  number of rotations of the  turntable after the first picture w m  taken. Note the explosive growth of the 
waves from rotation 44 to  rotation 60. This  appears to be R more intense vacillation than  the one  shown in figure 3 which wm 
conducted at a smaller  value of Ro,. Experimental  conditions: R8=20.0 cm., R,=7.6 cm., f k 3 . 1  set.", H =  6 cm., 8=6X 10-4 
%.-I, ~ = 2 X 1 0 - '  cm.*  sec.", T.=65' c., T,=16" C.,  Ta=6X lo', Ro,=0.12. (The  rotation here is clockwise.) 

Of stages of "amplitude"  vacillation. With  illustration  rotated 90' clockwise for viewing, the numbrlrs in t,he lower right-hand  cornrr 
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FIGURE 5.”500-mb.  charts  showing  two stag- of an  at,mmpheric  index cycle (after Winston and Krueger [12]) and  top surface photos 
showing  two stages of “amplitude”  vacillation  (rotations 36 and 60 in fig. 4).  

would be  in  balance  such that there would be no variation 
in the  amounts of energy  stored in each of the  component 
forms. Intuitively, one feels that a  perfect  balance  among 
the  rates of enbrgy  transformation  must be a rare occnr- 
rence. Since  each o f  the  links  in  the  energy cycle depends 
upon  a  different  function of the  temperature, pressure, 
and velocity, we should  expect,  more  generally, a t  least 
temporary  unbdances  among  the different, rates of energy 
transformat.ion. This would lead to variations in the 
nmount of energy  stored in each of the  component  forms 
and, therefore, to vncillation. or irregular flow. Careful 

exttmination of the flow in rotating  laboratory  experiments 
reveals that vacillation of one  form or another,  and  in one 
degree of intensity  or  another, is more common than 
steady-state  conditions. 

Some  characteristics of amplitude vacillation are sug- 
gested by  the sequence of pictures shown in  figme 4. The 
apparent  disappearance of large-amplitude  wave cayclones 
during  the first 24 rotations, for example,  suggests that 
the  adiabatic  rates of energy conversion (Az-+AE) ar:d 
(AE-+&), decline sharply  during  this period. If Gz is 
sufficiently large, it follows that AZ (and, therefore, also 
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the radial  temperature  gradient) increases, making con- Gz GE 
ditions  favorable by  the  end of this period for a more A 
rapid release of available  potential  engergy and a cor- 
responding increase in the  eddy  kinetic  energy.  The V 
growth of the  wave cyclones, which takes place slowly 

batic  rates of energy conversion, (A,+A,) and (AE+K8) , + rotations 44 to 60. During  the  latter period, the adia- 
A2 during  rotations 28 to 40, becomes more explosive during 

( Az-AE 1 

that  the  events shown in figure 4 are cyclic, so that  rota- 
sions must again decrease in intensity.  Remembering 
available  potential  energy dimipishes and these conver- 
and KE. As the eddies grow, however, the  supply of 
probably  are  the  dominant processes affecting A,, AE, 

and a decrease in K E  during  this period. 
becomes smaller than YE, leading to an ipcrease in A, 
tion 24, (Az-+AE) becomes smaller than Gz and (AE-+K8) 
sometime after  rotation 60, and continuing  through rota- 
t,ions 0 to 24 follow rotations 60 to 76, it is suggested that ( K ~ - A ~ )  ( AE+KE 1 

Preliminary  experiments  by W.  W. Fowlis a t  Florida 
State University  suggest that amplitude  vacillation takes 
place well within  the  “steady wave” regime and  that it 
is  most pronounced a t  lower Taylor numbers,  higher 

‘ 

thermal  Rossby numbers, and higher Prandtl  numbers. 
The experiments by R. Hide  and D. Fultz suggest that 
tilted-trough  vacillation takes place a t  somewhat  larger 
Taylor  numbers,  particularly in the  vicinity of the bound- 
ary between steady  and  unsteady waves. The  latter V 
phenomenon appears to involve significant variations in Fz 
the  intensity  and sign of the  energy  t,ransformation 

AE . 

(KE +Kz)  
Kz 4 K E  

FE 
- 

(KE-+Kz) as well as other energy conversion terms, sug- 
gesting that barotropic  stability or instability  is  a  factor 
to be considered in discussing the energetics of tilted- 
trough  vacillation. At even higher Taylor  numbers  the 
waves are more turbdent  and unsteady resembling more 
closely the wave cyclones and anticyclones found in the 
earth’s  atmosphere. 

-1 

4. SOME SPECULATIONS 

The above  observations  suggest the possible importance 
of viscosity in modifying the behavior of the waves which 
are formed  by baroclinic instability. In  the absence of 
dissipation,  waves of all scales are baroclinically unstable. 
For each value of the  rotation  rate  and mean static 
stability,  there is a  particular  wave scale which grows 
faster  than  both longer and  shorter waves. The scale 
of the  most  unstable  wave increases  with increasing static 
stability  and decreasing rotation  rate. I n  the absence 
of dissipation,  therefore, a spectrum of waves  centered 
on the  most  unstable wavelength can be expected to 
grow. The waves which develop in this  way  are  free  to 
interact  with  one  another  as well as with  the mean 

zonal” current.  Experimentally, a t  high Taylor  num- 
bers, where the effect of dissipation is small, we do in- 
deed find a spectrum of waves  continually  interacting 
with one another to form  an  unsteady  wave  pattern. 
In  a  more viscous fluid, on the  other  hand, only the  most 
unstable  waves grow fast enough to appear. The  greater 

L L  

FIGURE 6.-Schernatic  picture of the energy cycle in :I differc!ntially 
heated, rotating annulu? of fluid. 

the viscosity of the fluid (or, the lower the  Taylor num- 
ber),  the narrower should be t,he observed spectrum o f  
waves. At sufficiently low values of the  Taylor  number, 
no waves are  unstable  and  the  only possible motion is H 
forced  symmetrical  circulation. At slightly  larger  ualues, 
all but a single two-dimensional wave  number  are  damped 
by viscosity. This cwrresponds to t ~ l ~ e  left-hand  side of 
the region o f  “steady  waves” in figure 1. Here, vacilla- 
tion can  result  only from baroclinic interactions between 
the waves and the mean  zonal current involving energy con- 
versions of the  kind (&-+A,) and (AE-K,). The size 
of this region  on the  diagram,  and  the  intensity of the 
vacillations, must depend upon the  Prandtl  number. We 
have suggested that  ‘hmplitude vacillation” is hrought 
about, by  such  energy conversions and  that differences in 
the efficiency of a given wave scale a t  different values o f  
the  rotational  static  stability  number  determine where 
on the diagram the waves will  be steady  and where they 
will vacillate. 

We may  speculate  further  that a t  slightly  larger  values 
of the  Taylor  number  a given wave scale in the  azi- 
muthal  direction  can  have  more  than  one  wave  number 
in the  radial  direction.  Under  these  conditions,  the  wave 
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is  free  to  interact  barotropically  (as well as baroclinically) 
with  the mean zonal current, leading to energy con- 
versions of the form (KE-+Kz), in  addition to other 
possible energy transformations.  Near  the  boundary be- 
tween steady  waves  and  unsteady waves,  where dissipa- 
tion is less important, we do  in  fact observe the phe- 
nomenon we have called tilted-trough  vacillation which 
involves  such  interact,ions. At  even  larger  Taylor  num- 
bers,  more  wave scales become unstable, allowing more 
interactions,  and  unsteady flow is  observed.  Tracing 
this sequence of observations in the reverse  order, one 
gets  the impression that  the effect of increasing the vis- 
cosity of the fluid is  to  narrow  the  spectrum of the un- 
stable waves, allowing only  the  fastest growing waves to  
appear,  and  thereby to reduce  the  number of degrees of 
freedom available  for  vacillation. 

These conclusions should, of course,  be considered tenta- 
tive,  pending  our  ability to  obtain  synoptic  data  from ro- 
tating  laboratory  experiments  in sufficient detail to 
measure the appropyiate  energy  transformation intepals. 
Alt,hough synoptic data distributions  can be obtained in 
steady wave regimes by moving a  small  number o f  probes 
from point  to  point (1s the experiment proceeds and trans- 
lating time  information into space  information,  this  tech- 
nique is no longer feasible for studying  vacillating and 
irregular  wave regimes. Instead, new techniques will 
have t,o be devised in order to obtain  truly  synoptic die- 
triblltionqof temperatwe  and fluid velocity in such experi- 
ments.  The import,ttnce of studying  the time  variations 
of the energy cycle in vacillating regimes justifies u. major 
effort to obtain snch  measurements. It is suggested t~hat 
a  synoptic  network o f  observations in a large rotating 
annulus, which would accomplish in  the  laboratory  what 
a global data network will accomplish in the  atmosphere, 
is both necessary and feasible a t  this  stage of the develop- 
ment of the  atmospheric  and  planetary sciences. 
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